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Abstract 

All the causally regular geometries obtained from (2+l)-anti-de 
Sitter space by identifications by isometries of the form P — > (exp 2tt£)P, 
where £ is a self- dual Killing vector of so(2,2), are explicitely con- 
structed. Their remarkable symmetry properties (Killing vectors, Killing 
spinors) are listed. These solutions of Einstein gravity with negative 
cosmological constant are also shown to be invariant under the string 
duality transformation applied to the angular translational symmetry 
<p — ► <p + a. The analysis is made particularly convenient through the 
construction of global coordinates adapted to the identifications. 

1 Introduction. 

It has been discovered recently jjlj] that 2+1 Einstein gravity with a 
negative cosmological constant, even though devoid of local degrees of 
freedom, allows for black hole solutions with features quite similar to 
those occuring in the standard four-dimensional theory. The geometry 
of these black hole solutions have been investigated in depth in [g], and 
the remarkable supersymmetry properties of the extreme black hole 
with mass equal to angular momentum, as well as of the massless 
black hole ground state, have been studied in Q. Further analysis of 
the 2+1 black hole may be found in j|. 

The talk presented by one of us (M.H.) at the Santiago meeting 
was devoted to a survey of these results. Since these can be found 
in the existing literature, we shall not repeat them here. Rather, we 
shall analyse a question that has come across in the study of the ge- 
ometry of the (2+l)-black hole j|], namely, that of determining all 
"self-dual" solutions of Einstein gravity with a negative cosmological 
constant. [ In what sense these solutions are self-dual is defined pre- 
cisely in the next section]. Although these solutions do not belong to 
the black hole family, they exhibit quite interesting geometric features 
that make them worth of study. Namely, they have four Killing vec- 
tors, and possess in addition two Killing spinors. Futhermore, they 
are invariant under the string duality transformations applied to the 
angular translational symmetry <j> —* <j> + a. 



2 Self-dual metrics: definition. 

As shown in j|], the (2+l)-black hole may be obtained from anti- 
de Sitter space by identifications. These identifications are made as 
follows. Any Killing vectors £ of the anti-de Sitter metric defines a 
one-parameter subgroup of isometries: 



P -► exp(tt)P (1) 

We shall consider the case where the orbits (Q) are isomorphic with 
the real line. The mappings (||) for which t is an integer multiple of a 
"basic" step, taken conventinally as 2ir, 



P^exp(t£)P, t = 0, ±2tt, ±4tt, ... (2) 

define a discrete subgroup isomorphic to Z. 

Since the transformations @ are isometries, the quotient space ob- 
tained by identifying points that belong to a given orbit, inherits from 
anti-de Sitter space a well-defined metric which has the same constant 
negative curvature and which is thus also a solution of the Einstein 
equations. The identification process leads therefore to new solutions 
of the Einstein equations which differ from anti-de Sitter space in their 
global properties. These solutions are completely characterized by the 
group (ph, which we shall call the identification group. The identifica- 
tion group, in turn, is completely characterized by the Killing vector 
£ that generates it. 

The Killing vector £ belongs to the Lie algebra so{2, 2). Two 
Killing vectors £ and £' in the same SO(2, 2) conjugacy class yield 
isomorphic quotient spaces. Thus, the quotient spaces may be classi- 
fied by the conjugacy classes of SO(2, 2) in so(2, 2). 

The Lie algebra so(2, 2) is the direct sum of two copies of sl(2, 3?), 



so(2,2) = sl{2,$l) e sl(2,$t) (3) 

Let J a b be the Killing vectors of anti-de Sitter metric. In terms of the 
embedding 

2 2)2,2 7 2 { a\ 

— u — v + x + y = —I (4) 



of anti-de Sitter space in a four-dimensional flat space of signature 

ds 2 = -du 2 - dv 2 + dx 2 + dy 2 , (5) 

one has 

Ja b = X b —-X a — b (6) 

with x a = (u,v,x,y). 

The non-vanishing brackets of the so(2, 2)-algebra read explicitly: 

[Joi, J02] = —J12 [J02, J03] = —J23 

[Joi, J03] = —Jl3 [<A)2> J12] = Joi 

[^01,^12] = J<32 [Jo2,J23] = —Jo3 ,-\ 

[Joi, Jl3] = -^03 [Jo3, J13] = Joi 

[Jo3, J23] = J<32 [Jl2, J13] = —J23 

[Jl2, J23) = — ^13 \Jl3-, <^23] = ^12 

One may take as generators of the first copy sl(2, 3ft) ("self-dual" gen- 
erators) 

£(0) = ^oi + ^23) 

£(1) = \(Jo2 + J13) (8) 

£(2) = 2(^03 - Jl2) 

and the generators of the second copy sl(2, 9ft) ("anti-self dual" gener- 
ators) 

V(o) = 2^ Jm ~ J ^) 

V(i) = ^(Jo2 ~ J13) (9) 

7/(2) = -i(J 03 + J12) 

The commutation relations between the £'s and the 77 's are: 

[£(o)>£(i)] = C(2), [£(o),£(2)] = -C(i), [£(i),£(2)] = -C(o) (10) 

and 

[?7(o),?7(i)] = V(2), [V(0),V(2)] = ~V(i), [V(i),V(2)] = ~V(0) (11) 



Of course, one has also: 

fe^)]=0. (12) 

As shown in [0], the Killing vectors used in making the identifi- 
cations for the black hole solutions are neither self-dual nor anti-self 
dual (for any value of the mass and angular momemtum). Neverthe- 
less, identifications by self-dual ( or anti-self-dual) Killing vectors lead 
to interesting geometries, which we shall call self-dual (respectively 
anti-self-dual) . 

Since the anti-self-dual case can be obtained from the self-dual 
one by the parity transformation x 3 — > — x 3 , which is an isometry, it 
is enough to consider the self-dual case. 

There are clearly three subcases to be considered, since there are 
only three inequivalent types of elements in sl(2, 9ft): those that are 
spacelike (type A), those are timelike (type B) and those that are 
lightlike (type C) ( with the Killing-Lorentz metric of the sl(2, 3?) 
algebra). By redefinitions, one may always assume: 

Type A: £ = a£ (1) 

Type B: £ = a£ (0 ) 

TypeC: £ = £ (0) + £ (1) 

The norms of the Killing vectors ( as tangent vectors to the anti-de 
Sitter space, with the anti-de Sitter metric) are given by: 

Type A: £.£ = ^ 
Type B: £.£ = ~^ 2 
Type C: £.£ = 

and are also constant. Thus, the orbits of the Killing vectors are 
geodesic. This is quite remarkable since the anti-de Sitter norm of a 
generic Killing vector is in general position dependent and grows as r 
as one recedes from the origin. 

For comparison with the classification of the so(2, 2) elements given 
in the appendix A of [0J, we observe that type A corresponds to type 
lb with A2 = — Ai = a/2, type B corresponds to type I c with b\ = 62 = 
a/2 and type C corresponds to type lib with b = 0. [ Note that there 
is a misprint in table I of the appendix of || , where the Killing vector 



for type lib should read (b — 1) Joi + (b + 1) J23 + J02 — J13 instead of 
the incorrect (b - l)J i + (b - 1) J 2 3 + ^02 - </i3- 0] 

3 (2+l)-anti-de Sitter space as a group 
manifold. 

One may understand the above properties of the Killing vectors by 
recalling that (2+l)-anti-de Sitter space is the group manifold of 
SL(2, 3ft). This is most easily seen by defining new variables 

u+x u-x v-y v + y 

a = —> 6 = -r^ = —^ = —r (13) 

in terms of which the equation u 2 + v 2 — x 2 — y 2 = I 2 becomes the unit 
determinant condition 

a5 - 07 = 1 (14) 

for the matrix 



a= : ^ as) 




Furthermore, one verifies straightforwardly that the anti-de Sitter 
metric coincides with the Killing metric l 2 tr(A~ 1 dA) on the group 
SL(2,X). 

Any group manifold G (with the Killing metric) is invariant under 
the isometry group Gl X Gr, where Gl and Gr are respectively the 
groups of left and right translations ( of course, Gl, Gr are isomorphic 
to G). The isometry group is a direct product because left and right 
translations commute. In addition, the infinitisimal generators of Gl 
(respectively Gr) have constant norm because, as the Killing metric, 
they are invariant under right (respectively left) translations, which 
are transitive on G. In our case, (SL(2,3V))l is generated by the 
self-dual Killing vectors, while (SL(2,$R,))r is generated by the anti- 
self-dual Killing vectors. 



There is another misprint on page 1521 of the same paper, where the Casimir invariants 
1\ and 1% are incorrectly expressed in terms of uj^ b and uj~ b . The correct expression are 
h+h= LO+ b u+ ab and h-h = uj- b u' ah . 



4 Self dual metrics: construction. 

In order to construct the self-dual metrics of type A, we shall introduce 
a global parametization of anti-de Sitter space adapted to the Killing 
vector used in making the identification. More pecisely, we shall in- 
troduce new coordinates covering the full anti-de Sitter manifold, in 
which the Killing vector a£(i) is just A. 

We shall actually do more, namely, we shall also arrange so that 
the anti-self-dual Killing vector 2r]^ is J^. [We choose 2r/( ) and not 
any other Killing vector for two reasons: (i) 77(0) commutes with fVn; 
(ii) it is everywhere linearly independent from (m on anti-de Sitter 
space. The factor 2 is a matter of normalization convention]. To 
simplify the analysis, we start with the case a = 2. We consider next 
the case of an arbitrary a. 

Along the orbit of — 2£n), one has 

dv dy du dx 

# = y ' # =U ' # = x ' T4> =u (16) 

where <p is a parameter that distinguishes the points on the same orbit. 
Similarly, along the orbit of 2r/( ) , one has 

dv du dx dy 

Tt =u >lTt = - v > H = - y >7E = x (17) 

We thus introduce the following parametrization of adS 

u = I (cosh r cosh (j) cos t + sinh r sinh (j) sin t) 
v = /(cosh r cosh (f> sin t — sinh r sinh eft cos t) 
x = I (cosh r sinh <j) cos t + sinh r cosh <f> sin t) 
y = I (cosh r sinh (j) sin t — sinh r cosh (j) cos t) (18) 

or equivalently, in terms of the light-like variables a = ^j^ , 5 = ^j^ , 

a = e*(cosh r cos t + sinh r sin t) 
(3 = e~^ (cosh r sin t + sinh r cos t) 
7 = — e^ (cosh r sin t — sinh r cost) 
5 = e~® (cosh r cost — sinh r sin t) (19) 

That this is a good parametrization of anti-de Sitter space can be 
seen as follows. First, any (a, (3, 7, 5) given by ( |i~9| ) clearly solves the 
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equation a5 — (3j = 1. Conversely, let (a, /3, 7, <5) be a solution of 
a5 — Pj = 1. Define 4> and r through 

„2 1 „,2 



3 40 « + 7^ 



e * - WT¥ < 20 » 



and 



sinh2r = a/3 + 7<5 (21) 

Because a5 — (3j = 1, this last relation implies 

cosh 2 2r = (a 2 + 7 2 )(/? 2 + 8 2 ). (22) 

It remains to determine t. Since (a, 7) belongs to the circle of radius 
e^ cosh 2 2r (q 2 + 7 2 = e 2 ^ cosh 2r by ( p0|) and (p2|)), there is a unique 
£' defined by 

a = e^(cosh r cos t' + sinhr sint') 
7 = — e^ (cosh r sin i' — sinhrcosi') (23) 

Similarly, there is a unique t" such that 

[3 = e~® (cosh r sin £ + sinh r cos i") 

7 = e~* (cosh r cost" — sinh r sin t") (24) 



The relations ( |2l|) and a<5 — /?7 = 1 imply sin(t" — t') + cos(t" — 
t') sinh2r = sinh2r and cos(t" — t') — sm(t" — t') sinh2r = 1, i.e. t" = t' . 
We define t by t = t' = t" , which shows that given (a, (3, 7, 6) solution 
of aS — /J7 = 1, there are unique (t, r, 4>) in terms of which a, /?, 7 and 
5 can be written as in (|l8|). 

In the coordinates (£, r, (/>), the anti-de Sitter metric reads 

ds 2 = -dt 2 + d<p 2 + 2 smh(2r)dtd(j) + da 2 (25) 

and the Killing vectors 2£n) and 2r/(o) are given by 

%) = ! >^(0) = ! (26) 

The coordinates and r range over the entire line. This is also true 
for t if one passes to the universal covering of adS, as we shall do from 
now on, 

— 00 < t < +00, —00 < (j) < +00, — 00 < r < +00 (27) 



If instead of 2£( 1 ) , one takes as identification vector a£( 2 ) , one needs 
to make the rescaling </> — > |0, in terms of which the metric becomes 



2 



ds 2 = l 2 {-dt 2 + —d<j) 2 +asmh.2rdtd(f) + dr 2 ) (28) 

and a£(i) = ^, 2 V{0) = |. 

The self-dual metric is obtained by making c/> peridodic. Thus, it 
is also given by (|28J) , 

a 2 
ds 2 = l 2 (-dt 2 + —dcj) 2 -asmh.2rdtd(f> + dr 2 ) (29) 

but now, (j) is an angle, — oo < t < +oo, < <p < 2ir, — oo < r < +oo. 
From now on, we shall set 1 = 1. Note that the self-dual metrics of 
type B are obtained by keeping <j> unperiodic and by making t periodic. 
Similarly, it is easy to verify that the self-dual metric of type C is given 
by 



l 



ds 2 = 2r z dtd(p + —dr 2 (30) 

For both types B and C, there are closed causal curves. This is not 
the case for type A, as we now show. 

5 Absence of closed causal curves. 

The self-dual metric (28) is causaly regular in the sense that there is 



no closed causal curves. This is easy to verify because the coordinates 
(t, (f>, r) provide a global covering of the manifold. A closed causal 
curve must fulfill 

dt 2 a 2 dcj) 2 dt d<f> dr 2 

( dA } "itf - aSmh2r dAdA- ( dA ) "° (31) 

If it closed, t must come back to its original value. Thus, there must 
be a point on the curve where 4| = 0. But this contradicts the above 
inequality ( and the fact that the tangent vector is never zero since A 
is a good parametrization of the curve) . 

The self-dual space is also geodesically complete (as is anti-de Sit- 
ter) and singularity-free. Hence, it is a perfectly acceptable solution 
of the Einstein equation. This stationary, axially symmetric solution 
was missed in p], ^] because it was assumed from the very beginning 
that the rotational Killing vector -£-r had non constant norm. 
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6 Holonomies 

The self-dual metric may also be described in terms of Chern-Simons 
holonomies. It is well known that (2+l)-gravity with a negative cos- 
mological constant is equivalent to the Chern-Simons theory with the 
50(2,2) gauge group ||. The self-dual solution ( p8|) corresponds to 
the following 50(2,2) flat connection, 

A = a[coshr(J 2 + J13) - sinhr(J 2 3 + Joi)]# 
[-sinhr(Ji 3 - J 02 ) + coshr(J i - J 23 )]di 

-J 03 dr (32) 

which, in turn, can be transformed under the 50(2, 2) gauge-transformation 

U = exp -t( J01 - J23) ° exp rJ 03 

to the 50(2, 2) flat connection 

A = a(J 02 + J13) (33) 

for which the holonomy is manifestly equal to 

exp * [a( J02 + Jn)d(j)] = exp 2ira( J 02 + J13) (34) 

7 Killing vectors. 

The self-dual metric has by construction four Killing vectors, namely 
£(!) = -fL belonging to the self-dual sZ(2, 5ft), and the tree vectors 
T}iq\ , rjfi) , % 2 ) belonging to the anti-self-dual sZ(2, 5ft) and commuting 
therefore with £( 2 )- I n the coordinates (t, (/>, r), these vectors are given 
explicitly by 

%) = £ (35) 

2^(0) = I (36) 

1 5 cos2i a 1 d 

V{1) = -tanh2rcos2i- + j—^^ + 5 sin 2*- (37) 

1 , sin2i 01 a , , 

7?(^ = tanh 2r sin 2t— — 1 — cos 2t— - (38) 

l{2) 2 dt 2cosh2r<9c/> 2 <9r ; 
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One may ask whether there are any other independent Killing vec- 
tors besides (|35| ) - (|36|) . It is easy to see that the answer to this question 
is negative. Indeed, as shown in ||], the problem amounts to determin- 
ing all SO(2, 2) Killing vectors r\ of anti-de Sitter space that commute 
with the SO(2, 2) matrix exp27r£/ 1 ), 

[exp2< (1) ,r ? ]=0 (39) 



Now, the solutions of (|39j) form a subalgebra of so(2,2), which 
contains 5ft® sl(2,dt), where K is the subalgebra of the "self-dual" 
so(2, 1) generated by £m. There are only two subalgebras containing 
K ® sl(2, »), namely, 3? ® s /(2, 3?) itself or the full so{2, 2). Since this 
latter case is excluded (there exist elements of so(2, 2) that are not 
invariant by exp27r£( 1 )), we conclude that the isometry algebra of the 
quotient space is 3? ffi sl(2,$l). There are thus only four independent 
Killing vectors. 

8 Killing spinors. 



The metric (|25| ) can be viewed not just as a solution of Einstein equa- 
tion, but also as a solution of adS supergravity with zero gravitini. As 
such, it possesses exact super symmetries. 

Exact supersymmetries are by definition supersymmetry transfor- 
mations leaving the metric (|2^) (with zero gravitini) invariant. The 
spinor parameters of these transformations solve the "Killing spinor 
equation" 

D x ip = |j7aV>, (40) 

where e = 1 or — 1 depending on the representation of the 7 matrices. 

As is well known, there are two inequivalent two-dimensional irre- 
ductible representations of the 7 matrices in three spacetime dimen- 
sions. One may be taken to be 7(0) = ia 2 ,^ 1 ' = a 1 and 7^ = 
o" 3 , where the a are the Pauli matrices. The other is given by 
y( x > = — 7 W . We shall consider here the simplest supergravity model 
with negative cosmological constant involving both representations, 
namely, (1,1) adS supergravity ||. 

The anti-de Sitter metric ds 2 ads = —dt 2 + d(f) 2 + 2 sinh 2rdtd(fi + 
dr 2 (—00 < (j> < +00) possesses four Killing spinors, two for each 
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inequivalent representation of the 7 matrices. In the tetrad frame 

/i(o) = cosh rdt — sinh rd(j) 

hn\ = sinh rdt + cosh rd<j) (41) 



hp) = dr 



the Killing spinors are given by 



ij,= [[(e -1) (A cosh + B sinh cf))e- r / 2 + (e + 1) sint + Ke r/2 ] 

x(l + 7 ( 2 )) 
+ [(e - l)(Asinh <j> + B cosh 0)e r / 2 + (e + 1) cos t + Ke~ r/2 \ 

x(l-jW)]E (42) 

where E is a constant spinor and A, B, K are constant. 

Since the self-dual metric can be obtained from ds 2 dS by making 
appropriate identifications, it possesses locally as many Killing spinors 
as anti-de Sitter space. However, only a subset ot these Killing spinors 
are, in general, compatible with the identifications, i.e., invariant un- 
der the transformations of the discrete group used in the identifica- 
tions. So, whereas all the local integrability conditions for the Killing 
equations are fulfilled H , there may be no Killing spinor at all because 
of global reasons. 

Since the self-dual metric is obtained by making the identifications 
4> ~ (f> + atr, the only Killing spinors of the self-dual metric are those 
that are periodic or anti-periodic in <j>. By inspection of (|42j), one finds 
that these are given by: 

[shift + K)e r/2 (l + 7 (2) ) + cos(t + K)e~ r/2 (1 - 7 (2) )]£ (43) 

Thus, whereas anti-de Sitter space has four Killing spinors, the self- 
dual geometry has only two Killing spinors (two for one representation 
of the 7 matrices and zero for the other). 
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9 String duality. 



The self-dual geometry ( p5|) may also be viewed as a solution of the 
low energy string equations in 2+1 dimensions [fij 



i 



4 + ij + 4 (V0) 2 - ' 
i?^ + 2V„V^ - \H^ X(T H V X ° = 
V^e-tH^p) = 

,\2 i 

fe " r - tL 12 J 



5 = / {-g)*e-% + R + 4(V0) 2 - ^H^H^} 



4V 2 - 4(V</>) 2 + i + R~ ^H 2 



with zero dilaton <p = and antisymmetric tensor, i?^^ given by 

% = | sinh 2r, B^. = B tr = (44) 

(so that fl^p = je^p(-g)^ ^ 0). In (H), fe must be taken equal to I 2 . 
Thus, part of the cosmological constant arises from the antisymmetric 
tensors and part of it arises from the term | • 

Given a solution of the low energy string equations with a Killing 
vector, one may construct by duality another solution of the same 
equations ( see references therein @, §])■ The duality transformation 

6') with 

•"SOT / 9 XX ) 

'xa&xfj) I g xx , 
= B a/3 + 2g x [ a Bp] x /g xx , 

(45) 

where we assume that the solutions (gp U ,Bp U ,(p) does not depend on 
x and where a and (3 runs over all coordinates but x. 

In 0|, the transformation ( f45|) was applied to the <fi translational 
symmetry of the black hole solutions to generate "black string solu- 
tions". The Killing vector A is singled out by the fact that it has 

closed orbits. In the cas of the black hole, Ja is not self-dual and 
therefore, does not have a constant norm, g^ ^ constant. As a re- 
sult, the transformation ( |45| ) generates a different geometry. 

For the self-dual geometries, the Killing vector -£? with closed or- 
bits has the quite interesting property of being self-dual and is thus 
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reads {gp V ,B j 


IV 1 


<t>) — * (g'^,B'pv,4> 


!Jxx 




i/ gxx ) g xr = 


9af3 




ga/3 — (gxagxp — B 


B' 

xa 




gxa/gxx i ^a/3 


<t>' 




(f>- 2 lo slfel • 



of constant norm. Accordingly, the transformation (f45|): 



9<M> ~ ^2 


9$ t 


= - sinh 2r 

a 


50r = ° 


9tt = -1 




5tr =0 


aTT 


I?L = — sinh 2r 




K = o 


-^r = 


$' = $- — log |a| 









(46) 

and simply amounts to replacing a by -. It does not modify the 
geometry. 

We can thus conclude that the self-dual geometries have also re- 
markable duality properties from the string duality point of view. 

10 Conclusions. 

We have analysed in this paper the self-dual geometries determined 
from (2+l)-anti de Sitter by identifications generated by a self-dual 
Killing vector. We have shown that these geometries have quite inter- 
esting symmetry properties: they have four Killing vectors and two 
Killing spinors. They are also invariant under the string duality trans- 
formation applied to the angular translational symmetry — * (p + a. 
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